ABSTRACT. We explore special features of the pair pU *, U * q formed by the right and left dual over a (left) bialgebroid U in case the bialgebroid is, in particular, a left Hopf algebroid. It turns out that there exists a bialgebroid morphism S* from one dual to another that extends the construction of the antipode on the dual of a Hopf algebra, and which is an isomorphism if U is both a left and right Hopf algebroid. This structure will be used to establish a categorical equivalence between left and right comodules over U without the need of a (Hopf algebroid) antipode, and also a categorical equivalence between left U -modules and left modules over certain biduals. In the applications, we illustrate the difference between this construction and those involving antipodes and also deal with dualising modules and their quantisation.
INTRODUCTION
A characteristic feature in standard Hopf algebra theory is its self-duality, that is, the dual of a (finite-dimensional) Hopf algebra (over a field) is a Hopf algebra again. In particular, the antipode of this dual is nothing but the transpose of the original antipode; see, for example, [Sw] . In the broader setup of (left or full) Hopf algebroids over possibly is biprojective over A and both a left and right Hopf algebroid, one obtains an equivalence of categories U -Comod » Comod-U.
Observe that this equivalence works without the help of an antipode as there are objects that are both left and right Hopf algebroids but not full Hopf algebroids (cocommutative left Hopf algebroids, for example). In a dual spirit, we prove in §5.2:
Theorem C. For a left Hopf algebroid pU, Aq, there exists a canonical functor * pU * q-Mod Ñ U -Mod, and if U is finitely generated A-projective via the target map, then there also exists a canonical functor U -Mod Ñ * pU * q-Mod.
Similarly, for a right Hopf algebroid one obtains functors * pU * q-Mod Ñ U -Mod, along with U -Mod Ñ * pU * q-Mod if U is finitely generated A-projective via the source map. In particular, for a finitely generated biprojective left and right Hopf algebroid there exist equivalences of categories * pU * q-Mod » U -Mod as well as U -Mod » * pU * q-Mod. In §6, we illustrate these results by considering some examples related to Lie-Rinehart algebras (or Lie algebroids) and their jet spaces, as well as their quantised versions. Finally, in §6.3 we consider further duality phenomena related to dualising modules, which appear in Poincaré duality, along with their quantisation.
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PRELIMINARIES
We list here those preliminaries with respect to bialgebroids and their duals that are needed in this article; see, e.g., [B] and references therein as an overview on this subject.
Fix an (associative, unital, commutative) ground ring k. Unadorned tensor products will always be meant over k. All other algebras, modules etc. will have an underlying structure of a k-module. Secondly, fix an associative and unital k-algebra A, i.e., a ring with a ring homomorphism η A : k Ñ ZpAq to its centre. Denote by A op the opposite and by A e :" A b A op the enveloping algebra of A, and by A-Mod the category of left Amodules. Recall that an A-ring is a monoid in the monoidal category pA e -Mod, b A , Aq of pA, Aq-bimodules fulfilling the usual associativity and unitality axioms, whereas dually an A-coring is a comonoid in this category that is coassociative and counital.
2.1. Bialgebroids. Given an A e -ring η : A e Ñ U , consider the restrictions s :" ηp´b 1 U q and t :" ηp1 U b´q, called source and target map, respectively. Thus an A e -ring U carries two A-module structures from the left and two from the right, namely a Ż u Ž b :" spaqtpbqu, a § u đ b :" utpaqspbq, @ a, b P A, u P U.
If we let U Ž b AŻ U be the corresponding tensor product of U (as an A e -module) with itself, we define the (left) Takeuchi-Sweedler product as
By construction, U ŽˆA Ż U is an A e -submodule of U Ž b A Ż U ; it is also an A e -ring via factorwise multiplication, with unit 1 U b 1 U and η UŽˆAŻU pa bãq :" spaq b tpãq.
Symmetrically, one can consider the tensor product U đ b B § U and define the (right) Takeuchi-Sweedler product as U đˆB § U , which is an A e -ring inside U đ b B § U .
Definition 2.1.1. A left bialgebroid pU, Aq is a k-module U with the structure of an A ering pU, s ℓ , t ℓ q and an A-coring pU, ∆ ℓ , ǫq subject to the following compatibility relations:
(i ) the A e -module structure on the A-coring U is that of Ż U Ž ;
(ii ) the coproduct ∆ ℓ is a unital k-algebra morphism taking values in U ŽˆA Ż U ; (iii ) for all a, b P A, u, u 1 P U , one has:
ǫpa Ż u Ž bq " aǫpuqb, ǫpuu 1 q " ǫ`u đ ǫpu 1 q˘" ǫ`ǫpu 1 q § u˘.
A morphism between left bialgebroids pU, Aq and pU 1 , A 1 q is a pair pF, f q of maps F : U Ñ U 1 , f : A Ñ A 1 that commute with all structure maps in an obvious way.
As for any ring, we can define the categories U -Mod and Mod-U of left and right modules over U . Note that U -Mod forms a monoidal category but Mod-U usually does not. However, in both cases there is a forgetful functor U -Mod Ñ A e -Mod resp. Mod-U Ñ A e -Mod: whereas we denote left and right action of a bialgebroid U on M P U -Mod or N P Mod-U usually by juxtaposition, for the resulting A e -module structures the notation
for m P M, n P N, a, b P A is used instead. For example, the base algebra A itself is a left U -module via the left action upaq :" ǫpu đ aq " ǫpa § uq for u P U and a P A, but in most cases there is no right U -action on A. Dually, one can introduce the categories U -Comod and Comod-U of left resp. right U -comodules, both of which are monoidal; here again, one has forgetful functors U -Comod Ñ A e -Mod and Comod-U Ñ A e -Mod. The notion of a right bialgebroid is obtained if one starts with the A e -module structure given by § and đ instead of Ż and Ž. We will refrain from giving the details here and refer to [KadSz] instead. 2.2. Pairings of U -modules and dual bialgebroids. Let pU, Aq be a left bialgebroid, M, M 1 P U -Mod be left U -modules, and N, N 1 P Mod-U be right U -modules. Define
In particular, for M 1 :" A we set M * :" Hom A pM, Aq and M * :" Hom A op pM, Aq, called, respectively, the left and right dual of M . Observe that analogous duals cannot be defined for right modules as A is in general not a right U -module.
The notion of pairing between A e -bimodules is also useful (see, for instance, [ChGa] ):
Definition 2.2.1. Let U and W be two A e -bimodules.
(i ) A left A e -pairing is a k-bilinear map x , y : UˆW Ñ A such that, for any u P U , w P W and a P A, one has xu, a Ż wy " xu Ž a, wy, xu, w Ž ay " xa § u, wy, xu, a § wy " xu đ a, wy, xu, w đ ay " xu, wya, xa Ż u, wy " axu, wy.
(ii ) A right A e -pairing is a k-bilinear map x , y : UˆW Ñ A such that, for any u P U , w P W and a P A, one has xu, w Ž ay " xa Ż u, wy, xu, a Ż wy " xu đ a, wy, xu, w đ ay " xa § u, wy, xu, a § wy " axu, wy, xu Ž a, wy " xu, wya.
Duals of bialgebroids.
Let U * resp. U * be the left and right dual of a left bialgebroid. If Ż U is finitely generated projective, then U * is canonically endowed with a right bialgebroid structure [KadSz] such that the evaluation pairing between U and U * is a (nondegenerate) left pairing; similarly, if U Ž is finitely generated projective, then U * has a canonical right bialgebroid structure for which the natural pairing between U and U * is a right pairing. In §5.2 we will use the analogous fact that the two duals 
Similar maps can be defined for right bialgebroids but we refrain from writing them down explicitly. With the help of these maps, we can make the following definition due to Schauenburg [Sch] :
Definition 2.3.1. A left bialgebroid U is called a left Hopf algebroid if α ℓ is a bijection. Likewise, it is called a right Hopf algebroid if α r is so. In either case, we adopt for all u P U the following (Sweedler-like) notation
and call both maps u Þ Ñ u`b A op u´and u Þ Ñ u r`s b A u r´s translation maps.
Analogous notions exist with respect to an underlying right bialgebroid structure, but we will not give the details here.
Remark 2.3.2. 
(ii ) Analogously, if U is a right Hopf algebroid, one has: 
These two structures are not entirely independent:
Lemma 2.3.4. The following mixed relations hold among left and right translation maps: Proof. In order to prove (2.20), we apply α ℓ b id to both sides (note that this operation is well-defined on the considered tensor products); for the right hand side we obtain, by definition,
and for the left hand side we have
using (2.14) along with (2.3). Applying α´1 ℓ to the first and the third component of this identity gives the equality we are looking for. Since α ℓ is assumed to be an isomorphism, this proves (2.20). Let us also prove (2.21); the remaining identity will be left to the reader. To this end, apply id b α r to both sides in (2.21): for the left hand side, we obtain
by (2.12), and where in the second equation the first tensor product relates the first component with the third. As for the right hand side, we compute:
using (2.6) and (2.4) in the last step as follows: Eq. (2.4) yields u p1q`bA op u p1q´up2q b A 1 " u b A op 1 b A 1 and applying α´1 ℓ to the first and the third component gives the required equality.
MODULES OVER LEFT OR RIGHT HOPF ALGEBROIDS
In this section we collect some general results about modules over left and right Hopf algebroids. Some of them are known, while others seem to have passed unnoticed so far.
3.1. Module structures on Hom-spaces and tensor products. Similarly as for bialgebras, the tensor product M Ž b A Ż M 1 of two left U -modules with left U -module structure given by
equips the category U -Mod for a left bialgebroid U with a monoidal structure. On the other hand, for M P U -Mod and N P Mod-U , the A e -module Hom A op pM Ž , N đ q is a right U -module via pf uqpmq :" f pu p1q mqu p2q .
The existence of a translation map if U is, on top, a left or right Hopf algebroid makes it possible to endow Hom-spaces and tensor products of U -modules with further natural U -module structures. The proof of the following proposition is straightforward.
Proposition 3.1.1. Let pU, Aq be a left bialgebroid, M, M 1 P U -Mod and N, N 1 P Mod-U be left resp. right U -modules, denoting the respective actions by juxtaposition.
(i ) Let pU, Aq be additionally a left Hopf algebroid.
(a) The A e -module Hom A op pM, M 1 q carries a left U -module structure given by
In particular, M˚is endowed with a left U -module structure.
In particular, M * is naturally endowed with a left U -module structure.
Note 3.1.2. These structures are well-known for D-modules (that is, when U " D X , see [Bo, Ka] ) and were later extended to V ℓ pLq-modules in [Ch1] , [Ch3] . The results about tensor products can be found in [KoKr] .
Of course, for any bialgebroid U , the A e -modules Hom A op pM, M 1 q and N b A M as in (3.2) resp. (3.3) carry left resp. right U -module structures in a standard way if M happens to be a right U -module. In case U is a left Hopf algebroid, these structures commute with those of Proposition 3.1.1: 
on Hom A pM, M 1 q commutes with the action (3.5) such that
commutes with the action (3.4) (and likewise for a right Hopf algebroid and (3.7) on
N đ b A Ż M ) such that § N b A op M Ž (resp. N đ b A Ż M ) becomes a right pU b U q-module. (iii ) If U is
simultaneously a left and a right Hopf algebroid, the map
Proof. Only part piiiq is not entirely straightforward; there, also the claim Φ`pn b
A vq u for u, v P U and n P N is immediate from (2.7). On the other hand, a direct calculation gives
Finally, a straightforward computation shows that Φ is invertible with inverse
which concludes the proof.
3.2. Switching left and right modules: dualising modules. We investigate now conditions which imply an equivalence between the categories of left and of right U -modules for a left bialgebroid U which is simultaneously a left and right Hopf algebroid. As in other frameworks, this is guaranteed by the existence of a suitable dualising module. This is the content of the next result, which generalises the well-known equivalence of categories between left and right D-modules (due to Borel [Bo] and Kashiwara [Ka] 
is an isomorphism for any N P Mod-U .
Proof. For M P U -Mod and N, N 1 P Mod-U , one checks with (2.22) that the map
is a morphism of left U -modules, where the left U -module structure on the left hand side is given by (3.1) combined with (3.6), and on the right hand side by (3.6) combined with (3.4). It is even an isomorphism if N đ is finitely generated projective over A. On the other hand, using (2.21) and (2.8), one easily sees that the evaluation (3.10) is a morphism of right U -modules; it is then an isomorphism by hypothesis, which finishes the proof.
Remark 3.2.2. Of course, a similar statement holds when interchanging the rôles of source and target, i.e., if § P is projective of finite type and if the U -module morphism A Ñ Hom A pP, P q, a Þ Ñ tp Þ Ñ p đ au is an isomorphism, but we will not give the details here.
Remark 3.2.3. A right U -module P with the properties as in the above proposition appeared in various contexts in the literature and is usually called a dualising module. We refer to [Ch1, KoKr, Hue, VdB] for applications and further details, and in particular to the situation in §6.3.
LINKING STRUCTURE FOR THE DUALS OF LEFT HOPF ALGEBROIDS
As mentioned in the Introduction, it is not known what kind of Hopf structure (if any) carry the (left or right) duals of a (left or right) Hopf algebroid. In this section-the core of the present work-, we find that the translation map of a left Hopf algebroid induces a special map linking its right to its left dual, which is apparently as close as one can get to an antipode kind-of structure on the dual. Note, however, that even in the case of a full Hopf algebroid this map is not simply the transpose of the antipode, as discussed in §4.2. In some sense, this amounts to sort of a generalisation of (the antipode in) a full Hopf algebroid as explained in Remark 4.2.5.
4.1.
Morphisms between left and right duals. Let pU, Aq be a left bialgebroid. If it is additionally a left Hopf algebroid, its right dual U * (see §2.2) carries a canonical left U -module structure as in (3.2); define
Likewise, if the left bialgebroid pU, Aq is a right Hopf algebroid instead, its left dual U * (see §2.2 again) carries a canonical left U -module structure as in (3.5), with the help of which one defines
The following result presents the key properties of the maps S * and S * : 
∆ r * S * " pS * b S * q∆ * r , B * S * " B * . As for (i), we find for u P U , a P A by direct computation using (2.9) and (2.10): S *`s * r paq˘puq " ǫ`u`t ℓ`s* r paqpu´q˘˘" ǫ`u`t ℓ`ǫ pu´s ℓ paqq˘˘" ǫpuqa " s r * paqpuq. Likewise, the second identity follows from S *`t * r paq˘puq " ǫ`u`t ℓ`t* r paqpu´q˘˘" ǫ`u`t ℓ paǫpu´qq˘" ǫput ℓ paqq " t r * paqpuq As for (ii), let us first more generally compute an element S * pφqψ for φ P U * and ψ P U * : by [Ko, Eq. (3.1.1)], Eq. (2.5), and the properties of a bialgebroid counit, we have xS * pφqψ, uy " xψ, t ℓ pxu p2q , S * pφqyqu p1q y " xψ, t ℓ pxǫ, u p2q`t ℓ pxφ, u p2q´y qyqu p1q y " xψ,
With the help of this property, by [Ko, Eq. (3.1. 2)] along with (2.6), (2.10), and the fact that the counit in U gives the unit in U * , one sees that for all φ, φ
For proving the first identity in (iii), recall that the nondegenerate pairing between U * and U also defines a similar pairing between U * đ b A § U * and
which is used to define the coproduct in U * via the product in U (see, for example, [Ko, §3.1] 
Finally, for φ P U * , the line
proves the second identity in piiiq, and this finishes the proof.
Remark 4.1.2. When U is just a Hopf algebra over A :" k with antipode S, we have U * " pU * q op coop , and S * is nothing but the transpose of S. If U * itself is in turn a Hopf algebra -namely, if the transpose of the multiplication m U in U takes values in the tensor square of U * -, then S * is just the antipode of this dual Hopf algebra U * . In this perspective, Theorem 4.1.1 just expresses the fact that the antipode in a Hopf algebra is an antimorphism of algebras and of coalgebras.
The next statement concerns the left U -actions (3.3), (3.6) along with (3.8), (3.9) on U * resp. U * considered in Proposition 3.1.3, claiming that either S * or S * intertwines them. The proof is straightforward, hence left to the reader. Proof. As for the first statement, we directly compute by means of the bialgebroid axioms along with (2.22) and (2.17), for any φ P U * :
ǫ`u r`s u r´s`t ℓ φpu r´s´q˘" ǫ`u p2qr`s u p2qr´s t ℓ φpu p1q q" φpu p1q qǫpu p2" φpuq, which proves that S *˝S * " id U * . Likewise, one shows that S *˝S * " id U * .
The case of a full Hopf algebroid.
If H is a full Hopf algebroid with bijective antipode S in the sense of [BSz] , then it is, in particular, both a left and right left bialgebroid (see the short summary in §4.2.1 below): therefore, there is a right bialgebroid analogue to the previous constructions concerning the maps S * and S * . On the other hand, the antipode S induces by transposition new maps S t , t S, etc., for the dual spaces. Hereafter we discuss the links between these various maps, in particular showing that, while for the Hopf algebra case one has identities like S * " t S (cf. Remark 4.1.2), this is no longer the case for the general setup of full Hopf algebroids as illustrated in §6.1 below.
Reminder on full Hopf algebroids.
Recall that a full Hopf algebroid structure (see, for example, [B] ) on a k-module H consists of the following data:
(i ) a left bialgebroid structure H ℓ :" pH, A, s ℓ , t ℓ , ∆ ℓ , ǫq over a k-algebra A; (ii ) a right bialgebroid structure H r :" pH, B, s r , t r , ∆ r , Bq over a k-algebra B; (iii ) the assumption that the k-algebra structures for H in (i) and in (ii) be the same; (iv ) a k-module map S : H Ñ H; (v ) some compatibility relations between the previously listed data for which we refer to op. cit. We shall denote by lower Sweedler indices the left coproduct ∆ ℓ and by upper indices the right coproduct ∆ r , that is, ∆ ℓ phq ": h p1q b A h p2q and ∆ r phq " h p1q b B h p2q for any h P H. As said before, a full Hopf algebroid (with bijective antipode) is both a left and right Hopf algebroid but not necessarily vice versa (as illustrated in §6.1). In this case, the translation maps in (2.1) are given by
formally similar as for Hopf algebras.
The following lemma [B, BSz] will be needed to prove the main result in this subsection. Proof. The first claim directly holds true by the very definitions. The rest of the proof follows verbatim in the footsteps of the one of Theorem 3.17 in [KoP] , which considers the special case for U :" V ℓ pLq.
As mentioned before, one can also link the duals of a Hopf algebroid pH, Sq by transposed maps t S, which usually do not coincide with S * or S * (see also §6.1). The next result explains the precise connection between them. 
Spφq, Sph p2q qy˘˘" xpS * ℓ˝t Sqpφq, hy, where we used the explicit form (4.3) of the translation map and the fact that S is an anticoring morphism between left and right coproduct, which proves t S˝S * r " S * ℓ˝t S as claimed.
Remark 4.2.5. In general, both maps S * or S * can be thought of as an extension of the notion of antipode for a Hopf algebroid, in the following sense. As mentioned in Lemma 4.2.2, the antipode in a Hopf algebroid yields a bialgebroid morphism S : H ℓ Ñ pH r q op coop . On the other hand, if U is a left Hopf algebroid, then we have a similar situation replacing pH ℓ , pH r q op coop , Sq with the triple ppU * q op , U * , S * q, and one might be tempted to define a Hopf algebroid as a triple pU, V, Sq of a left resp. right bialgebroid U resp. V where the underlying ring structure is not the same. More precisely, the apparent asymmetry of a Hopf algebroid consisting of two coring structures but only one ring structure (that makes it difficult to obtain self-duality) would be somewhat attenuated. In this spirit, Theorem 4.1.4 can be seen as the statement that either the triple ppU * q op , U * , S * q or ppU * q op , U * , S * q for a left and right Hopf algebroid U yields sort of a generalised Hopf algebroid structure on the dual with invertible antipode.
CATEGORICAL FALLOUTS
For a given left Hopf algebroid U , the existence of the right bialgebroid morphism S * : U * Ñ U * implies nontrivial consequences on the representation-theoretical setup, i.e., for U -modules and U -comodules.
5.1. A categorical equivalence for comodules. Classically [Ca] , if U happens to be a finite dimensional algebra over a field k and DU :" Hom k pU, kq is its dual (carrying the structure of a coassociative coalgebra [Sw, 1.1.2]), right DU -modules naturally correspond to left U -comodules, i.e., one has a categorical equivalence
The situation in the bialgebroid context is richer, as summarised by the following theorem that was proven in detail in [Ko, Theorem 3 
Proof. Part (i) is proven by combining Theorem 5.1.1 (i) with the fact that the right bialgebroid morphism given by S * : U * Ñ U * induces in an obvious way a canonical functor Mod-U * Ñ Mod-U * and then finally applying Theorem 5.1.1 (ii). The proof of (ii) is clearly similar, and the last claim follows by the preceding two. 
be the canonical left bialgebroid morphisms from U to its biduals * pU * q resp. * pU * q. If U Ž resp. Ż U is finitely generated projective over A, then Φ resp. Ψ is an isomorphism.
This allows us to state the main result of this subsection:
Theorem 5.2.2. (i ) Let pU, Aq be a left Hopf algebroid. Then there exists a canonical functor
If U Ž is finitely generated A-projective, then there also exists a canonical functor
(ii ) Let pU, Aq be a right Hopf algebroid instead. Then there exists a canonical functor * pU * q-Mod Ñ U -Mod. If Ż U is finitely generated A-projective, then there also exists a canonical functor
(iii ) Let pU, Aq be a left and right Hopf algebroid such that U Ž and Ż U are finitely generated projective over A. Then there exist equivalences of categories * pU * q-Mod » U -Mod as well as U -Mod » * pU * q-Mod. Proof. As for (i), observe that the transpose of the right bialgebroid morphism S * : U * Ñ U * is a left bialgebroid morphism t pS * q : * pU * q Ñ * pU * q, which by restriction of coefficients defines a functor * pU * q-Mod Ñ * pU * q-Mod. On the other hand, the canonical evaluation morphism Ψ : U Ñ * pU * q provides another functor * pU * q-Mod Ñ U -Mod, which leads to the desired result. As for the second claim in (i), observe that although S * via t pS * q : * pU * q Ñ * pU * q also yields a functor * pU * q-Mod Ñ * pU * q-Mod, for reversing the evaluation morphism Φ, the projective finiteness assumption is needed. Part (ii) is proven in the same spirit and part (iii) then follows from Theorem 4.1.4.
EXAMPLES AND APPLICATIONS
In this section we present some applications to specific examples. 6.1. Lie-Rinehart algebras and their jet spaces. Let pA, Lq be a Lie-Rinehart algebra (cf. [Ri] , geometrically a Lie algebroid). Then its (left) universal enveloping algebra V ℓ pLq carries not only the structure of a left bialgebroid over the commutative algebra A [Xu] but also of a left Hopf algebroid [KoKr] ; as it is cocommutative, it is also a right Hopf algebroid.
Full Hopf algebroid structures on V ℓ pLq are in bijection with right V ℓ pLq-module structures on A which play the rôle of possible right counits, expressed by suitable maps B : V ℓ pLq Ñ A (cf. [Ko, §4.2] or [KoP] for more information). The corresponding antipode S : V ℓ pLq Ñ V ℓ pLq op coop is then uniquely determined by the prescriptions Spaq " a, SpXq "´X`BpXq, @a P A, @X P L, (6.1) on generators. For a general Lie-Rinehart algebra (which does not arise from a Lie algebroid), such a map B and hence the antipode might or might not exist. As A is commutative, one can think of L as being a right Lie-Rinehart algebra in the sense specified in [ChGa, §2.1.8] . The difference this makes here only appears on the level of the universal enveloping object: one obtains a different algebra V r pLq, which in turn is a right bialgebroid, see op. cit.: one has V r pLq " V ℓ pL op q op , where L op is the Lie Rinehart algebra opposite to L obtained from L by taking the opposite bracket and the opposite anchor.
If L is finitely generated projective as an A-module, then the jet space J r pLq :" V ℓ pLq * is a right bialgebroid (in a topological sense as the coproduct takes values in a topological tensor product). In particular, J r pLq is commutative, so it is also a left bialgebroid. There is a canonical identification of V ℓ pLq * " J r pLq and V ℓ pLq * : as V ℓ pLq is cocommutative, the maps S * and S * are equal and yield an antipode for J r pLq, which in this way becomes a full Hopf algebroid (cf. [KoP] for details).
6.1.1. Difference between S˚and t S. In this specific example, one can explicitly observe the difference between S * and the transpose of the antipode S on V ℓ pLq in (6.1). Apart from the fact mentioned above that S * always exists while t S does not, this is already clear on an abstract level since these are maps of different nature as pointed out in Theorem 4.2.4. Nevertheless, one directly sees here that with respect to the A-module structures coming from left and right multiplication in V ℓ pLq, the map S * pφq is left A-linear whereas t Spφq is A-linear from the right, for φ P V ℓ pLq * . Evaluating both maps on an element in L Ă V ℓ pLq, one obtains t SpφqpXq "´φpXq`BpXqφp1q @φ P V ℓ pLq * , X P L, on one hand, and on the other hand:
where L Ñ DerpA, Aq, X Þ Ñ ta Þ Ñ Xpaqu denotes the anchor of the Lie-Rinehart algebra pA, Lq. Using the property Xa´aX " Xpaq with respect to the product in V ℓ pLq as well as the right A-linearity of B, one obtains BpaXq " BpXqa´Xpaq and therefore t SpφqpXq´S * pφqpXq " Bpφp1qXq, which in general does not vanish. Overall, this yields category equivalences of the form
In particular, the right hand side can be considered as induced by the isomorphism
of algebras, which on generators X P L and a P A is explicitly given as X Þ Ñ´X, a Þ Ñ a.
Indeed, via the identifications (6.2) and (6.3), this is nothing but the transpose of S * :
In particular, when L is a Lie algebra, i.e., with zero anchor, the map σ : V ℓ pLq -ÝÑ V ℓ pL op q is simply the well-known antipode of the Hopf algebra V ℓ pLq :" U pLq, the usual universal enveloping algebra of a Lie algebra.
6.1.3. Universal enveloping algebras and deformations. Following [ChGa] , one can consider a quantum deformation V ℓ pLq h of V ℓ pLq: by definition, this is a left bialgebroid (in a topological sense), but as its "limit at h " 0" (that is, V ℓ pLq) is both a left and right Hopf algebroid, it follows automatically (by a standard argument in deformation theory) that V ℓ pLq h is also both a left and right Hopf algebroid. On the other hand, the dual (right) bialgebroids J r pLq h :" pV ℓ pLq h q * and r JpLq h :" pV ℓ pLq h q * are deformations of J r pLq :" V ℓ pLq * " pV ℓ pLq * q coop . This common "limit" is a full Hopf algebroid (with bijective antipode) by the above, hence in particular it is a left and right Hopf algebroid with respect to the underlying right bialgebroid structure. It follows then that the same is true for the right bialgebroids J r pLq h and r JpLq h , but usually they are not full Hopf algebroids. Nonetheless, we can apply our constructions of §4.1 to U :" V ℓ pLq h to find the maps S * and S * . Theorem 4.1.4 then assures that the two deformations J r pLq h and r JpLq h of V ℓ pLq * " V ℓ pLq * are isomorphic (as right bialgebroids) via S * and S * .
Mixed distributive law between duals.
A particular kind of mixed distributive law (or entwining) in the sense of Beck [Be] can be constructed via the following recipe. Combining a morphism pφ 1 , φ 0 q : pV, Bq Ñ pV 1 , B 1 q of right (say) bialgebroids with a HopfGalois map yields
which can be easily seen to define a mixed distributive law between V 1 (thought of as a coalgebra) and V (thought of as an algebra, although its coproduct appears in χ). Applying this to the two duals of a left bialgebroid U along with S * , one obtains
as a mixed distributive law between U * and U * , to which any standard construction based on mixed distributive laws could be applied.
6.3. Cases where a dualising module exists. In this section, we will come back to the situation of dualising modules as in §3.2 by investigating their (deformation) quantisation. To this end, we first need to introduce some notation and definitions with respect to decreasing filtrations; see, for example, [Ch2, Schn] for further basic results and details.
6.3.1. Notation and terminology. Let A be an algebra endowed with a decreasing filtration pF n Aq nPN and consider a filtered F A-module denoted by F M , whereas its underlying Amodule will be denoted by M . If F M and F N are two filtered F A-modules, then a filtered morphism F u : P F d1 M, . . . , m p P F dp M such that any m P F d M may be written as m "
For example, considering a bialgebroid pU, Aq and its quantisation pU h , A h q, the algebra U h is endowed with the h-adic filtration and A h , endowed with the h-adic filtration, becomes a filtered F U h -module. Observe that the natural left U h -module structure on A h quantises that of U on A.
Theorem 6.3.1. Let pU, Aq be a left bialgebroid, where U is assumed to be a k-Noetherian algebra. Assume that there exists an integer d satisfying
Then there exists an A h -module Λ h that is a quantisation of Λ such that
where the right action of U h on Ext
We remind the reader here that Λ h is Λrrhss as a krrhss-module. This theorem is proven in [Ch2] in the case where A h " krrhss. For the proof of the general case, we will need the following auxiliary statement: Lemma 6.3.2. There exists a resolution of the U h -module A h by finite rank free (filtered) F U h -modules
where F L i is pU h q di endowed with the h-adic filtration such that the associated graded complex
is a resolution of the U rhs-module Arhs.
Proof. We will construct the p-th module F L p by induction on p: for p " 0, one may take F L 0 :" U h and B 0 :" ǫ, endowed with the h-adic topology. Assume then that
. . , F L p are already constructed along with B 0 , B 1 , . . . , B p . As F L p is topologically free, the induced filtration and the h-adic filtration coincide on Ker B p . As Ker B p is closed for the topology defined by the induced filtration, it is complete. This krrhssmodule is topologically free as it is complete for the h-adic topology and also torsion free; set Ker B p :" V p rrhss. Since GU h " U rhs is Noetherian, the (filtered) algebra U h is (filtered) Noetherian [Ch2, Prop. 3.0.7] and the U h -module Ker B p is finitely generated so that the U -module V p is finitely generated as well. Let pv 1 , . . . , v dp`1 q be a generating system of the U -module V p and let pv 1 , . . . , v dp`1 q P pKer B p q dp`1 be a lift of pv 1 , . . . , v dp`1 q. Moreover, introduce the U h -module morphism B p`1 : pU h q dp`1 Ñ Ker B p , pu 1 , . . . , u p`1 q Þ Ñ ÿ u i v i , which is a strict morphism of filtered modules. Proof of Proposition 6.3.3. The module pP h q đ is a finitely generated A op h -module as P đ :" Ext U pA, U q đ is a finitely generated A op -module (see Proposition 3.0.5 of the preprint version of [Ch2] ).
Let N be a finitely generated A op h -module. It can be considered as a filtered F A op hmodule as follows: one has an epimorphism A n h p ÝÑ N Ñ 0, and we endow N with the filtration ppF A n h q. As P đ is a projective A op -module, Prhs đ is a projective Arhs op -module, and Proposition 3.0.11 of the preprint version of [Ch2] shows that Ext pP h , N q " t0u if j ą 0.
Consequently, pP h q đ is a projective A h -module; similarly, § Ext U h pA h , U h q is a projective A h -module. The assertion with respect to the evaluation map yet is true if N is a topologically free U h -module as it is true modulo h, see Remark 6.3.4. Moreover, the functor N Þ Ñ Hom A op h pP h , N q b A h P h is exact as P hđ and § P h are projective A op h -resp. A h -modules. Let now N be a finitely generated U h -module. Using a finite free resolution of N , one can show (by a diagram chasing argument) that the evaluation map is an isomorphism (as it is an isomorphism for any component of the resolution). If N is any U h -module instead, one can write N " lim Ñ N 1 , where N 1 runs over all finitely generated submodules of N .
Since P h is a finitely generated A op h -module, any element φ P Hom A op h pP h , N q can be considered as an element of Hom A op h pP h , N 1 q for a well-chosen finitely generated A op hmodule N 1 . Using the finitely generated case, one can see that the evaluation map is an isomorphism for any U h -module N .
As P h is a finitely generated projective A op h -module, the natural left U h -module map A h Ñ Hom A op h pP h , P h q, a Þ Ñ pp Þ Ñ a § pq of Proposition 3.2.1 is an isomorphism as it is an isomorphism modulo h. This concludes the proof. Example 6.3.5. For example, U :" V ℓ pLq satisfies the conditions of Theorem 6.3.1 if A is the algebra of regular functions on a smooth affine variety X and L the vector fields over it. More generally, for any Lie-Rinehart algebra pA, Lq, where L is finitely generated projective of constant rank d over a Noetherian algebra A, the pair`A, V ℓ pLq˘fulfils the conditions of Theorem 6.3.1 and one obtains Ext
Hom A pL, Aq for the dualising module (see [Ch1, Hue] for more details in this direction). Under the same
